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Meandering spiral waves are observed in the 1,4-cyclohexanedione Belousov-Zhabotinsky (CHD-BZ) reaction
at very low concentrations (3-35 mM) of the organic substrate. The spiral tips describe hypocycle-like
trajectories indicating the presence of two main rotation periods and radii. The ratio of these periods approaches
1 for decreasing concentrations of CHD. In this limit, we find Z-shaped trajectories with approximately two
lobes. The use of Fe[batho(SO3)2]3

4-/3- as the BZ catalyst gives rise to extremely long rotation periods (1000-
4000 s), and the tip trajectories span large areas of up to 40 mm2. As a result of the absence of gaseous
products and the high absorption of the catalyst, this particular system is ideally suited for the investigation
of spiral waves in closed, thin-layer systems, such as nonuniformly curved and micropatterned media.

Introduction

Rotating spiral waves are common spatio-temporal structures
in a broad variety of nonequilibrium systems.1-3 The first spiral
waves in a chemical system were observed in the Belousov-
Zhabotinsky (BZ) reaction4,5 shortly after the discovery of
propagating excitation waves in thin layers of the BZ system.6,7

These intriguing structures are also found in the CO oxidation
on platinum surfaces,8 during the aggregation of the slime mold
Dictyostelium discoideum,9 and as spreading depression waves
on chicken retinas.10 One of the crucial features of spiral waves
is the motion of the spiral tip. The position of the tip is typically
defined as the point of highest curvature along an isoconcen-
tration line of the pattern. The motion of this open wave end
can describe a variety of qualitatively different trajectories
including cycloidal curves as well as simple circles. These
dynamics are referred to as meandering and rigid rotation,
respectively.

The dependence of the spiral tip orbits on system parameters
has been intensively studied in numerical simulations of various
reaction-diffusion (RD) models.11,12Different meandering spiral
patterns are also found in a RD model of flames.13 Although
some deviations from circular cores have been reported for yeast
extracts14 and neural tissue,15,16 systematic experiments on
noncircular tip trajectories are limited to the BZ reaction. In
this system, tip trajectories can follow circles, hypocycles
(outwardly pointing petals), epicycles (inwardly pointing petals),
or a special kind of trochoid called prolate cycloid with lobes
along a straight line.17-19 All of the corresponding studies
employed BZ systems with malonic acid as the organic substrate
and either cerium ions, Fe(phen)3

2+, or Ru(bpy)32+ as the
catalyst/indicator. Notice that the kinetics of the reaction between
the organic substrate and the oxidized catalyst is a major factor
determining the characteristics of spiral tip motion. It is,
therefore, interesting to provide examples of meandering spiral
waves in BZ systems that do not involve any of the above
reactants.

Numerical simulations suggest that spiral tips can describe
trajectories that differ significantly from simple circular or

cycloidal curves. Surprisingly, the very first example for this
phenomenon was found in 1948.20 Using a simple cellular
automaton model of spiral activity on cardiac muscles, based
on the work of Wiener and Rosenbleuth,21 “linear spiral cores”
were observed. In this intriguing case, the wavelength (i.e., pitch)
of the spiral wave pattern equals the circumference of the tip
trajectory, and, hence, the linear core has a length of about half
a wavelength. This behavior was later also observed in numerical
simulations of a modified FitzHugh-Nagumo model.22 Linear
cores as well as their closely related Z-shaped variants are
expected for very slow relaxation dynamics and long refractory
periods.23 Experimental evidence for this behavior is meager
and limited to investigations of highly anisotropic heart muscles
using multiple electrode mapping techniques.15,16However, these
experiments lacked the necessary resolution to yield detailed
tip trajectories.

In this article, we provide the first experimental evidence for
meandering spiral waves in a BZ system that employs 1,4-
cyclohexanedione (CHD) as the organic substrate. The use of
Fe[batho(SO3)2]3

4-/3- as a catalyst24,25 and high-absorbance
indicator allows us to study the experimental conditions that
give rise toZ-shaped tip trajectories. The overall characteristics
of this excitable RD system are expected to allow future
investigations of meandering spiral waves in experimental
settings that do not tolerate the use of the classic BZ reaction.

Experimental Section

The classic organic substrate (malonic acid) of the BZ system
is replaced by CHD. Notice that the reaction products of CHD
do not involve any gaseous compounds and, hence, no detri-
mental gas bubbles are formed during the experiment.26 Stock
solutions of 2.0 M NaBrO3 (Fluka) and 0.5 M CHD [C6H8-
(dO)2; Aldrich] are prepared in Nanopure water (18 MΩ cm).
Sulfuric acid is used as purchased (5 M H2SO4, Riedel-de Hae¨n).
The redox catalyst Fe[batho(SO3)2]3

4- (25 mM) is prepared by
mixing a 3:1 molar ratio of 4,7-diphenyl-1,10-phenanthro-
linedisulfonic acid disodium salt hydrate (C24H14N2‚2NaO3S‚
xH2O; Acros) with ferrous sulfate heptahydrate (Fluka) in 25
mM H2SO4. The reduced and oxidized forms of this complex
have absorption maxima at 535 and 602 nm, respectively. The
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reduced state is dark red with a high molar absorptivity of 22 100
M-1 cm-1 at 535 nm.25 Some experiments are carried out with
Fe(phen)32+/3+ (ferroin/ferriin) as the BZ redox catalyst/indica-
tor. The ferroin sulfate solution (25 mM in 25 mM H2SO4) is
purchased from Fluka and used without further purification. The
maximal molar absorbtivity of ferroin is 11 000 M-1 cm-1 at
510 nm.

In all experiments, the concentrations of the catalyst and
sulfuric acid are 0.5 and 90 mM, respectively. Notice that, after
the preparation of the reaction solution, the system remains
homogeneously oxidized for up to 6 h. Quasi-two-dimensional
reaction conditions are created between two circular polystyrene
plates with a diameter of 10 cm. The height of the resulting BZ
layer is 0.39( 0.02 mm. The differences in the absorption
spectra of the reduced solution state and the oxidized waves
are monitored with a monochrome charge-coupled-device
camera (COHU 2122).27 The video signal is digitized using an
image-acquisition card (Data Translation DT3155, 640× 480
pixel, 8 bit/pixel). Image data are acquired every 2.0 s with
commercial software (HLImage++97). The spiral trajectories
are analyzed on a personal computer with programs written in
IDL (interactive data language from Research System, Inc.,
version 5.1.1). All experiments are performed at 24( 1 °C.

Results

Earlier investigations on wave propagation in the CHD-BZ
reaction focused on reaction conditions with relatively high
concentrations of sulfuric acid and CHD. In these systems, spiral
waves carry out rigid rotation around very small circular cores.
However, at low concentrations of the aforementioned com-
pounds, noncircular motion of open wave ends can be observed.
Figure 1 shows three representative examples for qualitatively
different modes of tip motion as found for [H2SO4] ) 90 mM,
[NaBrO3] ) 100 mM, and [Fe[batho(SO3)2]3

4-] ) 0.5 mM.
Figure 1a depicts a pair of meandering spiral waves at [CHD]
) 30 mM. The data are obtained by image subtraction of
subsequent frames (∆t ) 10 s). Hence, bright and dark areas
correspond to regions of increasing and decreasing concentra-
tions of the oxidized catalyst, respectively. Superposed are the
trajectories of the counter-rotating spiral tips. In this example,
the spiral tips are traced for 3300 s and, as in all subsequent
analyses, their locations are determined as the points of highest
local curvature at the open end of the wave front. Figure 1b,c
shows the dynamics of traveling waves as observed beyond the

stability boundary of spiral waves at elevated concentrations
of CHD. At [CHD] ) 37.5 mM, the tangential velocity of the
open wave ends is nearly 0. Accordingly, one finds finite-length
wave segments that have a characteristic convex shape (Figure
1b). Although these segments are only marginally stable, they
can propagate long distances without changing their length or
shape.18 A further increase of the CHD concentrations to 40
mM results in negative tangential velocities and, hence, shrink-
ing wave segments (Figure 1c). Notice that the behavior shown
in Figure 1b,c has been also observed in the malonic acid BZ
reaction.28,29

We emphasize that the induction times of reaction systems
similar to that in Figure 1 are extremely long. During the
induction time, no wave propagation is observed and the
medium remains homogeneously oxidized. As mentioned previ-
ously, the induction time depends on the initial concentrations
employed. In our experiments, it increases with decreasing CHD
concentrations from about 3.5 h for [CHD]) 60 mM to 6 h
for 3.0 mM at [NaBrO3] ) 100 mM. This is in qualitative
agreement with the data provided in ref 30. Moreover, the
induction time increases with increasing concentrations of
sodium bromate ion from 4 h for [NaBrO3] ) 50 mM to 6 h
for 250 mM at [CHD]) 15 mM.

The rotation dynamics of spiral waves are most sensitive to
the concentrations of the reactants.31 Figure 2 shows tip orbits
found for various concentrations of CHD and NaBrO3. The
trajectories are plotted with respect to one particular length scale,
which allows for simple comparison of their size. Each curve
is centered at the coordinates of the corresponding reactant
concentrations. The flowerlike orbits have a hypocyclic character
because their lobes are pointing in the outward direction. Within
the parameter space investigated, all spiral waves carry out
meandering tip motion and we observe neither epicyclic
trajectories nor rigid rotation around circular cores. Moreover,
the phase diagram in Figure 2 reveals that spiral waves are
confined to a particular stability island. At the high and low
bromate fringes of this island, one detects marginally stable and
shrinking wave segments similar to those shown in Figure 1b,c.
The corresponding concentration pairs are denoted by solid

Figure 1. Noncircular tip motion of chemical waves in the CHD-BZ
reaction. (a) Tip trajectories of a pair of counter-rotating spirals (white
curves) superimposed onto a difference image of the wave pattern. The
trajectories are obtained over a time interval of 3300 s. Field of view:
21.1× 13.8 mm2. (b) Superposition of 10 consecutive snapshots of a
wave segment. The segment travels in an upward direction with a
tangential tip velocity of approximately 0. Field of view: 7.8× 11.3
mm2. (c) Superposition of 10 consecutive snapshots of a shrinking wave
segment with a constant but negative tangential velocity. Field of
view: 11.7× 10.8 mm2. Frames b and c are based on difference images
and illustrate the dynamics during 540 s. Initial concentrations for all
three experiments: [H2SO4] ) 90 mM; [NaBrO3] ) 100 mM;
[Fe[batho(SO3)2]3

4-] ) 0.5 mM; and [CHD]) 30.0 mM (a), 37.5 mM
(b), and 40.0 mM (c).

Figure 2. Tip trajectories for various concentrations of CHD and
NaBrO3. Diamond-shaped symbols and solid circles denote homoge-
neously oxidized and reduced states, respectively. Triangles denote
concentrations that give rise to tip motion with nonpositive tangential
velocities (cf. Figure 1b,c). The initial concentrations of H2SO4 and
Fe[batho(SO3)2]3

4- are kept constant at 90 and 0.5 mM, respectively.
The dashed line indicates a particular sodium bromate concentration
(100 mM) for which many of the following individual results are taken.
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triangles. Outside of the island of spiral and spiral-like motion,
we find spatially homogeneous systems. These wave-free
reaction systems remain in an either oxidized or reduced state
for high and low concentrations of bromate, respectively.

Before we proceed with a closer inspection of the tip
trajectories, we must introduce a more detailed description of
their main features. Uniformly rotating spiral tips with a circular
spiral core are characterized by a unique core radiusr1 and a
constant rotation periodT1. In a meandering system, the radius
r1 becomes the average radius of the petals. The petals arise
from a superimposed rotation of a second circle of radiusr2

and periodT2. To obtain hypocyclic motion, the rotation
directions of these circles have to be in opposite directions. The
trajectories of such a meandering spiral tip are described by

wherex and y denote the Cartesian coordinates of the spiral
tip, t indicates time, andæ1 andæ2 are constants representing
the phase of spiral motion at timet ) 0. The parametersx0 and
y0 define the Cartesian coordinates of the center of the tip
trajectory. The angular velocitiesω1 and ω2 equal 2π/T1 and
2π/T2, respectively. We use eq 1 to extract the physically
relevant quantitiesr1, r2, T1, andT2 from the observed motion
of meandering spiral tips. Our fitting procedure minimizes the
root-mean-square (rms) deviation between the experimental data
and eq 1 by optimizing a total of eight parameters, namely, the
values of the radii, the angular frequencies, the phase factors,
and the coordinate offset. Special care is taken to choose
appropriate initial values for the fitting parameters because the
discrete nature of the experimental data can generate low rms
results for unrealistic, high-frequency motion. Inappropriate fits,
however, can be easily dismissed because they yield one period
that is approximately equal to or smaller than the experimental
sampling rate.

Figure 3 shows a typical example of a fit obtained using the
procedure outlined previously. In Figure 3a, the data points and
the fit are displayed in thexy plane as open diamonds and a
solid line, respectively. Figure 3b illustrates the temporal
evolution of the tip’s Cartesian coordinates and the correspond-
ing fit in terms of itsx andy values. For clarity, the two curves
in Figure 3b are separated by adding a constant offset of 2.5
mm to allx values. In this particular example, we obtain values
of r1 ) 0.90 mm,r2 ) 0.78 mm,T1 ) 570 s, andT2 ) 1530 s.
The fitting procedure yields very good agreement with the
experimental data. However, it should be noted that some tip
trajectories show deviations from an ideal hypocyclic shape that
are not recovered by eq 1. Nonetheless, our analysis provides
accurate results for the principal rotation periods and radii.

Another important parameter of meandering spirals is the
number of petals,n, of the tip trajectory. For meandering waves
that give rise to hypocyclic trajectories,n can be calculated as

For the example shown in Figure 3, we findn ) 3.6 ( 0.3.
Notice that the quantityn is typically not an integer value and
the tip trajectory, therefore, closes itself only after a large or
infinitely large number of rotations. Moreover, quantitative
analysis of the data in Figure 2 reveals a decrease in the number
of petals as the concentration of bromate ion is increased. In
addition, the main rotation periods and the overall size of the
tip trajectories decrease with increasing concentrations of
bromate ion. Changing the sulfuric acid concentration to values
higher than 90 mM decreases the rotation periods involved but
has no influence on the number of petals. A decrease of the
acidity, however, leads to longer rotation periods and increasing
values ofn. For example, at [CHD]) 50 mM and [NaBrO3] )
250 mM, we find thatn increases from 2.7( 0.1 to 5.2( 0.2
as the concentration of sulfuric acid is lowered from 90 to 50
mM. This change in the number of petals results from a
disproportional increase of the rotation periods of the orbiting
circle (T1) and the orbited circle (T2). For the given concentra-
tions, no wave propagation is observed above 400 mM and
below 40 mM sulfuric acid, and the system remains homoge-
neously oxidized or reduced, respectively.

Figure 4 shows the dependence ofn on the initial concentra-
tion of CHD. The concentrations of H2SO4, NaBrO3, and
Fe[batho(SO3)2]3

4- are kept constant at 90, 100, and 0.5 mM,
respectively. Under these conditions, spirals are stable up to a
maximal CHD concentration of 35 mM. At higher concentra-
tions, one observes wave segments with negative tangential
velocities or homogeneously reduced media. The data shown
in Figure 4 reveal that the number of lobes,n, decreases with
decreasing concentrations of the organic substrate and saturates

Figure 3. Comparison of the motion of a meandering spiral tip with its rms-minimized fit to a hypocycle (cf. eq 1). The experimental data (open
diamonds) and the corresponding fit (straight line) are shown in thexy plane (a) and in terms of the temporal evolution of thex andy values (b)
with x values being offset by 2.5 mm. The starting point of the counterclockwise motion is near the origin of the pattern. Fit parameters:r1 ) 0.90
mm, r2 ) 0.78 mm,T1 ) 570 s, andT2 ) 530 s. Initial concentrations are the same as those in Figure 1 except [CHD]) 25.0 mM.

x ) r1 cos(ω1t + æ1) - r2 cos(ω2t + æ2) + x0

y ) r1 sin(ω1t + æ1) + r2 sin(ω2t + æ2) + y0 (1)

Figure 4. Dependence of the number of lobesn on the initial
concentration of CHD. All other concentrations are kept constant at
the values given in Figure 1. The dashed line at [CHD]) 37 mM
indicates the boundary of stable wave fronts.

n ) ω1/ω2 + 1 ) T2/T1 + 1 (2)

11010 J. Phys. Chem. A, Vol. 107, No. 50, 2003 Manz et al.



to a value ofn ≈ 2 in the limit of small concentrations. Neither
rigid rotation nor epicyclic trajectories are observed.

Figure 5 complements the information of Figure 4 by
providing data on the concentration-dependent changes of the
radii ratio and the rotation periods. As shown in Figure 5a, the
ratio (r2/r1)2 remains constant at a value slightly smaller than
1.0 for CHD concentrations below 25 mM. Between 25 and 35
mM, this quantity increases steadily to about 5.5. Above [CHD]
≈ 35 mM, no spiral waves exist. The rotation periodT1 shows
a similar dependence as the radii ratio, whereasT2 remains
essentially constant over the entire concentration range (Figure
5b). Notice that the inequalityT1 > T2 is characteristic for
hypocycles. Moreover, the transition fromr2/r1 < 1 to r2/r1 >
1 marks a qualitative change in the shape of the tip trajectory.
For ratios much greater than unity, the lobes of the trajectories
are separated by long arches. Atr2/r1 ) 1, the lobes touch each
other at the pattern’s central point and overlap for smaller ratios.

The data in Figure 5 can be used to discuss the absence of
small circular cores and epicycles in our experiments. According
to theoretical analyses, the onset of meandering is a supercritical
Hopf bifurcation.12,32 In this case, the squared radii ratio of the
orbited and orbiting circle (r2/r1)2 should increase linearly with
the distance of the control parameter from the transition point.
At the Hopf bifurcation, the ratio must be 0 because the orbited
circle of radiusr2 disappears. The spiral tip dynamics in the
CHD-BZ system for [CHD]) 25-35 mM is in qualitative
agreement with these expectations (cf. Figure 5). At lower
concentration values, however, the ratio is constant and does
not further decrease to (r2/r1)2 ) 0. Therefore, the transition to
circular cores is not observed, but a transition toward a different
type of tip orbit that we describe in the following takes place.

The low-concentration limit of the data in Figures 4 and 5
corresponds to a remarkable tip trajectory that has attracted much
attention in the literature. Below [CHD]≈ 5.0 mM, the typical
flowerlike tip trajectory approaches an elongated Z-shaped orbit.
A representative example of this unusual phenomenon is shown
in Figure 6. This type of spiral core was first found by Fast et
al. in a modified cellular automaton model23 but had not been
observed yet in a chemical RD system. The Z-shaped trajectory
represents a transition state between cycloidal trajectories and
linear cores. Notice that, for Z-shaped as well as linear orbits,
the rotation period and the refractory phase of the system are
of similar duration. Similar results were also obtained in
numerical simulations of a modified FitzHugh-Nagumo model22

and the Beeler-Reuter model of cardiac tissue.33

The occurrence of Z-shaped tip trajectories in our experiments
coincides with a dramatic increase of the pattern wavelength,
which seems to be in good agreement with the theoretical
predictions. For example, the wavelength of the spiral wave in
Figure 6 is approximately 16 mm, thus, indicating a remarkably
long refractory phase or high excitation threshold. Moreover,

the circumference of the Z-shaped tip trajectory is approximately
7.5 mm and, hence, about half a wavelength as expected for
near-linear orbits. We also attempted to find Z-shaped trajec-
tories in the ferroin-catalyzed CHD-BZ reaction. Although the
latter system shows meandering spiral waves within the
concentration ranges investigated here, no wave propagation
could be detected at the low CHD concentrations that give rise
to Z-shaped orbits in the Fe[batho(SO3)2]3

4--catalyzed reaction.
This seeming absence of spiral waves could be due to insuf-
ficient sensitivity of the detection equipment because absorption
changes are less pronounced in the ferroin-catalyzed reaction.
On the other hand, the Z-shaped orbits shown in Figure 6 might
be the result of the slower relaxation kinetics in the Fe[batho-
(SO3)2]3

4- system that gives rise to significantly larger wave-
lengths.

Conclusions

In this study, we provide the first example of meandering
spiral waves in a RD system other than the malonic acid BZ
reaction. The rotation period and wavelength of the rotating
wave patterns are surprisingly long as the result of slow
relaxation kinetics between Fe[batho(SO3)2]3

4- and CHD as well
as CHD-derived organic intermediates. The use of this particular,
high-absorbance redox catalyst/indicator also assists in the
optical detection of chemical waves at low concentrations of
reactants. These features allow us to investigate extreme
concentration ranges in which we observe Z-shaped tip trajec-
tories.

Our experiments show that the period ratioT2/T1 of meander-
ing spirals increases with increasing concentrations of CHD and
decreasing concentrations of H2SO4 and NaBrO3. This finding
is qualitatively similar to the behavior of the malonic acid BZ

Figure 5. Dependence of the squared ratio of the radiir2 andr1 (a) and the rotation periodsT1 andT2 (b) on the initial concentration of CHD. All
other concentrations are kept constant at the values given in Figure 1. The dashed line indicates the boundary of stable wave fronts.

Figure 6. Z-shaped tip trajectories of a counter-rotating spiral pair as
observed during 1800 s. The trajectories (white curves) are superposed
onto a snapshot of the wave pair, which is obtained by image subtraction
of consecutive video frames (∆t ) 40 s). Initial concentrations: [H2-
SO4] ) 90 mM, [CHD] ) 3.0 mM, [NaBrO3] ) 100 mM, and
[Fe[batho(SO3)2]3

4-] ) 0.5 mM. Field of view: 32.4× 19.7 mm2.
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reaction. In the CHD-BZ reaction, however, the concentration
range for meandering spirals is shifted to lower concentrations
of the organic substrate. Moreover, in the concentration range
investigated, the reaction shows neither rigid rotation nor
epicyclic tip trajectories. Instead, we observe continuous
progressions of hypocyclic orbits. These findings, however, do
not rule out the possibility that epicyclic patterns may exist in
the CHD-BZ reaction within a very narrow window of parameter
values or for significantly different sets of reactant concentra-
tions.

Another difference between these two reaction systems relates
to the velocity-wavelength dependence of chemical wave trains.
The dispersion relation in the classic BZ reaction is monotoni-
cally increasing, whereas the CHD-BZ system shows anomalous
dispersion over a wide range of reactant concentrations.34,35For
the parameter space investigated here, we could not find any
evidence for anomalous dispersion. However, it is possible that
in the CHD-BZ reaction meandering tip motion exists under
conditions that show nonmonotonic dispersion relations. As a
result of the lack of theoretical analyses in the literature, it is
difficult to discuss how such a scenario would influence the
dynamics of spiral tips. Obviously, more work is needed to
clarify this interesting question.

The study of unperturbed and externally forced spiral tip
dynamics continues to attract considerable attention. Current
research focuses on the study of spiral wave drift under
feedback-controlled forcing,36,37meandering-like instabilities of
rotating three-dimensional structures,38 and wave propagation
in heterogeneous39,40 and micropatterned media.25,41 The high
absorbance characteristics, the lack of gaseous products, and
the presence of meandering spiral waves make the Fe[batho-
(SO3)2]3

4--catalyzed CHD-BZ reaction an ideally suited system
for the systematic investigation of all of these topics.
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