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“The underlying physical laws necessary for the mathematical theory of a large part of physics and
the whole of chemistry are thus completely known, and the difficulty is only that the exact
application of these laws leads to equations much too complicated to be soluble.

Paul A. M. Dirac, 1929
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“The underlying physical laws necessary for the mathematical theory of a large part of physics and
the whole of chemistry are thus completely known, and the difficulty is only that the exact

application of these laws leads to equations much too complicated to be soluble.

owv A .
the Schrodinger equation: _Zha — HW or HWVY = FEWw

It therefore becomes desirable that approximate practical methods of applying quantum
mechanics should be developed, which can lead to an explanation of the main features of complex

atomic systems without too much computation.”

Paul A. M. Dirac, 1929



cost of “approximate practical methods”

_how well is “space” described

what physics is included

>

size of the one-electron basis set

Hartree-Fock MP2 CCSD CCSD(T) full ClI
dynamical electron correlation
MP2: 2nd-order perturbation theory
CCSD: coupled cluster with single and double excitations

CCSD(T): CCSD + perturbative triple excitations
full CI: full configuration interaction ... wave function includes gll possible electronic configurations
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1. mild approximations
2.improved algorithms and hardware

GPU CCSD: ~3x acceleration

AED, Hammond, JCTC, 7, 12871295 (2011)
AED, Kennedy, Sumpter, Sherrill, Mol. Phys. 112, 844-852 (2014)

GPU v2RDM-CASSCF: ~3x acceleration

Mullinax, Koulias, Gidofalvi, Epifanovsky, AED, in prep.
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nondynamical correlation

static / strong / non-dynamical / multireference electron correlation

energy (Ep)

example: H dissociation in a minimal basis

0.3
0.4 *
05 |
0.6
0.7

|

T

-0.8
-0.9

T

T

-1.0
1.1}
~1.2

T

T

|

T

Restricted Hartree—Fock

| | | | | | |

0.5

1.0

1.5 20 25 30 35 40 45 50

H-H distance (A)

E Hcg — Ou

at dissociation, the MOs become

<+ nearly degenerate, the wave function

can no longer be described by a
single RHF determinant



nondynamical correlation

static / strong / non-dynamical / multireference electron correlation
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energy (Ep)

conventional methods for nondynamical correlation

complete active space self consistent field method (CASSCF)

To describe N; dissociation, we must ask:
which orbitals are important!?
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conventional methods for nondynamical correlation

complete active space self consistent field method (CASSCF)

To describe N; dissociation, we must ask:
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conventional methods for nondynamical correlation

complete active space self consistent field method (CASSCF)

To describe N; dissociation, we must ask:
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conventional methods for nondynamical correlation

complete active space self consistent field method (CASSCF)
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conventional methods for nondynamical correlation

complete active space self consistent field method (CASSCF)

active space often by configuration interaction (Cl)
- full Cl in active space: “CAS”
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conventional methods for nondynamical correlation

complete active space self consistent field method (CASSCF)

active space often by configuration interaction (Cl)

number of variables

- full Cl in active space: “CAS”
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conventional methods for nondynamical correlation

active space often by configuration interaction (Cl)

number of variables

complete active space self consistent field method (CASSCF)

- full Cl in active space: “CAS”
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bonding in actinide complexes

metal: 5f, 6d, 7s, 7p
ligands (O,N): 2p

25+ electrons, 25+ total orbitals
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complete active space self consistent field method (CASSCF)

active space often by configuration interaction (Cl)
- full Cl in active space: “CAS” ~ bonding in actinide complexes
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variational 2-RDM (v2RDM) methods

ground state electronic energy can be written exactly in terms of two-electron
reduced-density matrix (2-RDM, 2D) and one-electron RDM (I-RDM, 'D)

1
E = §Z(pr|qs ) 2 DP? +thq 1Dg,

pqrs

P. O. Lowdin Phys. Rev. 97, 1474-1489 (1955).
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1
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variational 2-RDM (v2RDM) methods

ground state electronic energy can be written exactly in terms of two-electron
reduced-density matrix (2-RDM, 2D) and one-electron RDM (I-RDM, 'D)

1
b= 2 Z(pﬂqs 2qu + thq 1D§,

pqrs

H2 (2e,20) / cc-pVDZ 2-RDM — pair probability density
O(k#) elements

¢ |-RDM — probability density R e
U O(k?) elements™
J‘ 'L > L

H H X — >
H H X
Since 2D and 'D are much more compact objects than the N-electron wave function,

why not invoke the variational principle and minimize E with respect to elements of 2D and 'D?

probability
probability

P. O. Lowdin Phys. Rev. 97, 1474-1489 (1955).
*k: number of basis functions J. E. Mayer Phys. Rev. 100, 1579-1586 (1955).



variational 2-RDM (v2RDM) methods

2D/'D should satisfy a few properties to guarantee they correspond to an antisymmetric
N-electron wave function (N-representab|e) A. J. Coleman, Rev. Mod. Phys. 35, 668-686 (1963).

an ensemble N-representable |-RDM:
'D(z1]2h) = N/d:vgd:vg...de Zwk\lfk(xl,xg,xg, o TN )UE (2], T2, T3, ooy TN ).
k

complete ensemble N-representability conditions for the |-RDM are known (and are simple)
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natural spin-orbital occupation numbers (eigenvalues of |-RDM) must lie between 0 and |
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2D/'D should satisfy a few properties to guarantee they correspond to an antisymmetric
N-electron wave function (N-representab|e) A. J. Coleman, Rev. Mod. Phys. 35, 668-686 (1963).
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complete ensemble N-representability conditions for the |-RDM are known (and are simple)

equivalently, the eigenvalues of the |-RDM and one hole RDM (!1Q) must be nonnegative

D =0

! Q > (  (probability of not finding an electron)
and

1D; + 1Q°,Z = 5@'3’ TI‘(lD) =N
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2D/'D should satisfy a few properties to guarantee they correspond to an antisymmetric
N-electron wave function (N-representab|e) A. J. Coleman, Rev. Mod. Phys. 35, 668-686 (1963).

an ensemble N-representable 2-RDM:

N

*Diar.aafef, a3) = (

* / /
)/dl‘g---dZCN E wi Wi (r1, T2, 23, ..., TN )Yy (27, o, 3, ..., TN ).
k

necessary ensemble N-representability conditions for the 2-RDM include

|. hermiticity
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3. antisymmetry with respect to particle exchange

>Drd — 2D = —2DrY = *D

4. nonnegativity of the eigenvalues of 2D (positive semidefiniteness)
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2D/'D should satisfy a few properties to guarantee they correspond to an antisymmetric
N-electron wave function (N-representab|e) A. J. Coleman, Rev. Mod. Phys. 35, 668-686 (1963).

an ensemble N-representable 2-RDM:

N
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* / /
/dm?)---dZCN E wi Wi (r1, T2, 23, ..., TN )Yy (27, o, 3, ..., TN ).
k

necessary ensemble N-representability conditions for the 2-RDM include

R. Erdahl, Rep. Math. Phys. 15, 147 (1979).
M. Nakata, H. Nakatsuji, M. Ehara, M. Fukuda,
K. Nakata, and K. Fujisawa, J. Chem. Phys. 114, 8282
(2001).
e D. A. Mazziotti, Phys. Rev. A 65, 062511 (2002).
| h D. A. Mazziotti, Phys. Rev. A 74, 032501 (2006).
* ermltICIty Z. Zhao, B. J. Braams, M. Fukuda, M. L. Overton, and
J. K. Percus, J. Chem. Phys. 120, 2095 (2004).
2. ﬁxed trace M. Fukuda, B. J. Braams, M. Nakata, M. L. Overton,
J. K. Percus, M. Yamashita, and Z. Zhao, Math. Prog.
. M M 109, 553 (2007).
3. antisymmetry with respect to particle exchange B Canets, G Stltz, and M. Lewin, 1. Chem. Phys. 125,
064101 (2006).
B. Verstichel, H. van Aggelen, D. Van Neck, P. W. Ayers,

2 rq __ _2 qp __ _2 rq __ 2 qp and P. Bultinck, Phys. Rev. A 80, 032508 (2009).
Drs_ Drs_ Dsr_ Dsr

B. Verstichel, H. van Aggelen, D. V. Neck, P. Bultinck,
and S. D. Baerdemacker, Comput. Phys. Commun. 182,
1235 (2011).
LI . L M M J. Fosso-Tande, D. R. Nascimento, and A. E. DePrince
4. nonnegativity of the eigenvalues of 2D (positive semidefiniteness) i v piys. 114, 12 (010,
J. Fosso-Tande, T.-S. Nguyen, G. Gidofalvi, and A. E.
DePrince 111, J. Chem. Theory Comput. 12, 2260 (2016).

D. A. Mazziotti and R. M. Erdahl, Phys. Rev. A 63,
042113 (2001).

So, the variational optimization of the ground-state 2-RDM is a semindefinite optimization problem
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C. Garrod and J. K. Percus, J. Math. Phys. 5, 1756 (1964).



systematically improvable N-representability

| -positivity: 2-positivity (PQG): partial 3-positivity (T1/T2)
ID.1Q > 0 QD,QQ,QG = 0 T1,T2 >0

R. M. Erdahl, Int. J. Quantum Chem. 13, 697 (1978).

Z. Zhao, B.J. Braams, M. Fukuda, M. L. Overton, and J. K. Percus,
J. Chem. Phys. 120,2095 (2004).

D. A. Mazziotti, Phys. Rev. A 74,032501 (2006).

C. Garrod and J. K. Percus, J. Math. Phys. 5, 1756 (1964).

| -positivity < 2-positivity < 3-paositivity < N-positivity = Full Cl
O(k?)
O(ke)

k = number of basis functions

O(k)



variational 2-RDM-driven CASSCF

—-108.6

-108.7 r

— —108.8

energy (E,

-109.0 r

-109.1 +

-109.2

N2 / cc-pVQZ / (6e,60) active space

-108.9 r

1.0

1.5

2.0 2.5
N-N bond length (A)

Cl —+— :
| virtual
| Al active: (6e,60)
v
| | Tl
3.0 3.5
A
v _
Al —
v
ﬂ core
Al
v
Al
v

Fosso-Tande, Nguyen, Gidofalvi, AED, J. Chem.Theory Comput. 12,2260-2271 (2016).



variational 2-RDM-driven CASSCF

N2 / cc-pVQZ / (6e,60) active space

-108.6 T
Cl —— .
~-108.7 | PQG —%— virtual
. —108.8 r —
uf —_
5 -108.9 -
o
&
-109.0
~109.1 | Al active: (66,60)
' v
_1092 1 1 1 1 1 1 Tl
1.0 1.5 2.0 2.5 3.0 3.5
. 4]
N-N bond length (A) K3 )
H—
- v2RDM can replace Cl for describing active space N
v core
Al
v
Al
v

Fosso-Tande, Nguyen, Gidofalvi, AED, J. Chem.Theory Comput. 12,2260-2271 (2016).



variational 2-RDM-driven CASSCF

N2 / cc-pVQZ / (6e,60) active space

—-108.6

0.000
Cl ——
-108.7 + PQG —¢— A
—0.005
__-108.8 |
ul o5
S ~1089 1 | & -0010
c o
® 1090 | .
-0.015
-109.1 -
_1092 L L L L L L _0020 L L L L L L
1.0 1.5 2.0 2.5 3.0 3.5 1.0 1.5 2.0 2.5 3.0 3.5
N-N bond length (A) N-N bond length (A)

- v2RDM can replace Cl for describing active space

- two-particle N-representability conditions (PQG) provide qualitative accuracy

Fosso-Tande, Nguyen, Gidofalvi, AED, J. Chem.Theory Comput. 12,2260-2271 (2016).



variational 2-RDM-driven CASSCF

N2 / cc-pVQZ / (6e,60) active space

_108-6 ! ! ! T T T
0.000 Cl= - 0O00000000NANE
Cl —— “Qq <
~108.7 | PQG —%— - S "
PQG+T1T2 —6— S C
—0.005 ¢ S o i
_.—108.8 -
u o
S —108.9 | g —0.010 | .
o) 3 -
c o
® _109.0 |
-0.015 + .
-109.1 |
_1092 L L L L L L _0020 L L L L L L
1.0 1.5 2.0 2.5 3.0 3.5 1.0 1.5 2.0 2.5 3.0 3.5
N-N bond length (A) N-N bond length (A)

- v2RDM can replace Cl for describing active space

- two-particle N-representability conditions (PQG) provide qualitative accuracy

- three-particle conditions (T 1T2) provide quantitative accuracy

Fosso-Tande, Nguyen, Gidofalvi, AED, J. Chem.Theory Comput. 12,2260-2271 (2016).



huge active spaces!



huge active spaces!

70 I I I I I I I I I I
Q PQG (cc-pvVD2) conventional (Cl-driven) codes are useless
, PQG (cc-pVTZ) —6— | .

60 DMRG (DZ) beyond 4-acene: (18,18) active space

. experiment —+—
to cross this line, -

abandon CI-CASSCF [ |, 7
2 et S D dodecacene: (50e,500) CASSCF

50 |

40 |

1

singlet-triplet gap (kcal mol™)

30 | ] 1892 orbitals (cc-pVTZ)
. S : - : g 3

20 + : \H K | kil i
|

10 ¢ ! CASSCF (18e,180)
| &7

O ! ! ! ! ! ! ! ! ! ! !
2 3 4 5 6 7 8 9 10 11 12

k-acene

- v2RDM-CASSCF with two-particle conditions (PQG) can treat HUGE active spaces

- performance of PQG is comparable to other state-of-the-art CASSCF-like methods like
density-matrix renormalization group (DMRG) ... for this problem ... other cases require T2

DMRG results from: J. Hachmann, J.J. Dorando, M. Avils,and G.K.-L. Chan, J. Chem. Phys. 127, 134309 (2007)
Fosso-Tande, Nguyen, Gidofalvi, AED, J. Chem.Theory Comput. 12,2260-2271 (2016).



performance?
70 w

T

60 X

50

40

!

singlet-triplet gap (kcal mol™)

T

to cross this line,
abandon CI-CASSCF " 1.

PQG (cc-pVDZ) —¢—
PQG (cc-pVTZ) —6—
DMRG (DZ) —&—
experiment —+—

»
]

T

30 |

|
20 | '

| o8

| -
107 ! CASSCF (I8e, 180)
0 1 &7

conventional (Cl-driven) codes are useless
beyond 4-acene: (18,18) active space

dodecacene: (50e,500) CASSCF
840 orbitals (cc-pVDZ)




performance?

70 I I I I I I I I I I
Q PQG (cc-pvVD2) conventional (Cl-driven) codes are useless
, PQG (cc-pVTZ) —6— | .

60 DMRG (DZ) beyond 4-acene: (18,18) active space

. experiment —+—
to cross this line, -

abandon CI-CASSCF T . 7

50 |

40 |

dodecacene: (50e,500) CASSCF

1

singlet-triplet gap (kcal mol™)

30 | . ‘84(') orbitals (Fc-pV[?Z)
20 | LT N\g -7 e |
1
10 ¢ | CASSCF (W
ol '« CPU: core i7-6830k (6 cores) 3.2 hours
2 3 4 5 6 7 8 9 10 11 12 GPU: NVIDIA Quadro GP100 0.9 hours
k-acene el

3.7x faster!!

Mullinax, Koulias, Maradzike, Gidofalvi, Epifanovsky, AED, under revision.



signatures of polyradical character in polyacenes

- linear polyacenes have a history of conflicting predictions from quantum chemical methods
(most of which is resolved)

(a) 2.0 — (b) 2.0

:’D ; I I I I 2_Ia.CeneI ...... QI. ...... I I I I I I I I b1u I
18 | AN 3 SR 3—-acene —o—
' 1 4-acene
16 | 4 5-acene —e—
' 6-acene -0
14l 7-acene
- P ey 8-acene @
- 9-acene
5 12 B :E '::l ':.: 10_acene ...... @ =mnem 5
b Pl i\ 11-acene —e— b
S 1.0} i 12-acene 5
8 AR 8
o 08 r o
0.6 1
04 ¢
0.2 1
00 L
0O 5 45 50 i 2 3 4 5 6 7 8 9 10 11 12
natural orbital number k—acene

- natural orbital occupation numbers convey the onset of polyradical behavior in larger acenes

Fosso-Tande, Nguyen, Gidofalvi, AED, J. Chem.Theory Comput. 12,2260-2271 (2016).



signatures of polyradical character in polyacenes

- geometric signatures of polyradical character include

(i) larger bond length alternation (BLA) toward ends of molecule than in the middle

FN
0}
I

1.40

C-C Bond Length (A)

(%)
o0

5
-

& T T T T T T T T _ L LT T T T T T T T T 1T &1
G-© Singlet
===1 Triplet

N -~ ¢
- -

Lol 191 131 19 121 190 191 191 121 191 1291 1231

C-C Bond

Mullinax, Gidofalvi, Epifanovsky and AED, J. Chem.Theory Comput. 15,276-289 (2019).



signatures of polyradical character in polyacenes

- geometric signatures of polyradical character include

(i) larger bond length alternation (BLA) toward ends of molecule than in the middle

(i) increasingly similar structures for the lowest-energy singlet and triplet

& T T T T T T T T 1T T T T T T T T T T T T &1
~ I | &-© Singlet
°<C 142 »”.T.g
- ==+ Triplet
is - e -
50 B
=
o -
- 1.40
-
E -
-
aa)
L')l.38 A
L2101 1ol 191 | 121 1201 121 121 121 1210 121 121
C-C Bond

Mullinax, Gidofalvi, Epifanovsky and AED, J. Chem.Theory Comput. 15,276-289 (2019).
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signatures of polyradical character in polyacenes

- geometric signatures of polyradical character include

(i) larger bond length alternation (BLA) toward ends of molecule than in the middle

(i) increasingly similar structures for the lowest-energy singlet and triplet

F g I T T T T 7T 17 17T _1. 1T T 1T 7T 7T 7T 7T 7T 7T 1T T & 1
~ &= Singlet
L 142} ) Trip )
— . === Triplet .
=1} i —
-
S i
- 1.40
g
= i
m
@)
i 1.38
O q
L2101 121 121 121 121 1201 121 121 121 1210 121 121

C-C Bond

several recent studies suggest that even large
CASSCEF gets this system wrong ...

polyradical character is overestimated unless
the O network is also correlated

Mullinax, Gidofalvi, Epifanovsky and AED, J. Chem.Theory Comput. 15,276-289 (2019).
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moving beyond the ground state

next goal: v2RDM-CASSCEF description of electronic excited states

obvious problem: v2RDM methods can treat only ground states



extended random phase approximation (ERPA)
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extended random phase approximation (ERPA)

[a;f{a,, al a,}

0,) = Z C%&;&i‘q;0> EU:CZ<'I/O [a}{a,, [I:I,a}a,-H ‘Po> = (En—Eo)zij:cg-<‘Po ‘Po>

? | | | |
| |
depends on 2-RDM depends on |-RDM

previous efforts to combine v2RDM and ERPA were remarkably disappointing
van Aggelen et al.,, CTC, 1003, 50-54 (201 3).



extended random phase approximation (ERPA)

V) =Y chalail Vo) 3G Pol[dan [Hqja]]|¥o) = Bn—E0) ci( Yo g gja|#o)

? | | | |
| |
depends on 2-RDM depends on |-RDM

previous efforts to combine v2RDM and ERPA were remarkably disappointing
van Aggelen et al.,, CTC, 1003, 50-54 (201 3).

errors in ground-state (V2ZRDM) and excitation(ERPA) energies (eV), relative to full ClI:

ground state  excitation energy

He 0.00 0.00
Li -0.01 0.0l
Be -0.01 0.00
B -0.40 2.67
C -0.85 7.21
N -0.88 3.39
O -1.61 6.87
F -1.59 11.31
Ne -0.49 -0.05



extended random phase approximation (ERPA)

V) =Y chalail Vo) 3G Pol[dan [Hqja]]|¥o) = Bn—E0) ci( Yo g gja|#o)

? | | | |
| |
depends on 2-RDM depends on |-RDM

previous efforts to combine v2RDM and ERPA were remarkably disappointing
van Aggelen et al.,, CTC, 1003, 50-54 (201 3).

errors in ground-state (V2ZRDM) and excitation(ERPA) energies (eV), relative to full ClI:

ground state  excitation energy

He 0.00 0.00

Li -0.01 0.0l

Be -0.01 0.00 for open-shell atoms, errors in excitation energies
B -0.40 (267 are |10 x larger than errors in the ground state!

C -0.85 7.21

N -0.88 3.39 what is happening???

O -1.61 6.87

F -1.59 131

Ne -0.49 -0.05



failures of v2RDM / ERPA

consider low-lying excitations in several second row atoms / STO-3G basis set

T

C

B

Be

Li

2.0

2.5

3.0 3.5
energy (eV)

full Cl
PQG

4.0 4.5

25%2p* — 251 2p?
25%2pt — 2512p?
252 — 2st2p!

251 — 2p?



failures of v2RDM / ERPA

consider low-lying excitations in several second row atoms / STO-3G basis set
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failures of v2RDM / ERPA

consider low-lying excitations in several second row atoms / STO-3G basis set

T

Li

2.0 2.5 3.0 3.5
energy (eV)

full Cl
eenenees PQG

X
Be x
. 4+
4.0 4.5

v2RDM ground state density represents
and ensemble of these states



ensemble N-representability conditions

- complete ensemble-state N-representability conditions for the |-RDM

natural spin-orbital occupation numbers (eigenvalues of |-RDM) must lie between 0 and |

)< )\z <1 E )\z — N A.J. Coleman, Rev. Mod. Phys. 35, 668-686 (1963).
1



pure-state N-representability conditions

- pure-state conditions:“‘generalized Pauli constraints”



pure-state N-representability conditions

- pure-state conditions:“‘generalized Pauli constraints”

known empirically: 3 electrons in 6 orbitals:

Ai = Aig1 A1+ Ag =1
Ao+ A5 =1
A3 + Ay 1

)\4 - )\5 T )\6 S O R.E. Borland and K. Dennis, J. Phys. B:At. Mol. Phys. 5,7 (1972)

1972 - 2008 ... this is the only set of pure-state conditions known



pure-state N-representability conditions

- pure-state conditions:“‘generalized Pauli constraints”

2008: M.Altunbulak and A. Klyachko, Commun. Math. Phys. 282, 287 (2008).

3 electrons 3 electrons 4 electrons 4 electrons 5 electrons
6 spin orbitals 8 spin orbitals 8 spin orbitals 10 spin orbitals 10 spin orbitals
4 constraints |4 constraints 3| constraints | 24 constraints | 60 constraints
AM+Xe=1 s —he —A7 —Ag <0 M +A3+As+L5 <2
_ AM—i—A7—43 =0 AM+A+rg+r7 <2
Ao+ A5 =1 . . . . .
N A=Az —Ae—Arg =0 M+ +A4+0h6 <2 - number and complexity of constraints increases dramatically with
st M—As—re—Ar =0 AMAra+hs+he =2 number of electrons and size of basis
A — A5 — X <0 M —hs—25 -2 =0 M+r—23<1
A3 —ig—A7—43 =0 AM+Ars—A7 <1
M —Ai—Ag—Ag <0 _ . . . .
A e S AMAre—A7 =1 - not at all obvious which constraints are important or what they
2t+tA3+ A5 8 = AM+ry—re <1 .
Al +A3+A6 —Ag <2 M +hg—hs <1 even mean, physically
AM+Ay+A7 —Ag <2 A3 +ig—A7 <1
AM+Ay+A3 —Ag <2 A +Ag <1 . .
A +Ag+As —Ag <2 <0 - Altunbulak & Klyachko tabulated all constraints for systems with
2—A3 —he—A7 <

AM+Ay+Ahs —Ag <2

Ay —hs —Ag—A7 <0 ‘
M Az +de—A7 <2 4—hs —he— A7 = up to 10 orbitals

Al —2A3—A5 —A7 <0
AM+A3+2h4 —A5 —A7+Ag <2
AM+A3+204 —A5 — A+ A8 <2

Al +20) —A3+Ag — A5+ Ag <2

Al +20) — A3+ A5 —Ag+Ag <2

Al +Ay =203 —Ag — A5 <0

Al —A2 —A3+Xh — 207 <0

Al —A3—Aq4 —A5+A8 <0

Al —A2 —A3—A7+A8 <0

2M — A+ Ag —2A5 —Ag+Ag <1

A3+ 204 —2A5 —Ag — A7+ Ag <1

20 — A —Ag+Ag —2A7+Ag <1

2M +A) — 203 —Ag —Ag+Ag <1

Al +2h) =203 — A5 — A+ A8 <1

20 —2X ) — A3 — A4+ A —3A7+248 <0
—A +A3+204 —3h5 — 20 — A7+ A8 <0
2M +A) —3A3 —2X4 — A5 — A+ A8 <0
Al +20 —3A3 —Ag — 205 — A+ A8 <0



pure-state N-representability conditions

- 5 electrons in 10 spin orbitals [ v2RDM-CASSCF (5e,50) / cc-pVQZ ] ... 160 constraints

Ne°* - enforcing PQG (ensemble state) constraints
F4+
03+
N2+

+

B
Be

AED, . Chem. Phys. 145, 164109 (2016).



pure-state N-representability conditions

- 5 electrons in 10 spin orbitals [ v2RDM-CASSCF (5e,50) / cc-pVQZ ] ... 160 constraints

GPC errors (electrons)

Nes+
F4+

- enforcing PQG (ensemble state) constraints
0% - many constraints severely violated
N2+

+

B
Be

O =~ N W~ 01 OO N

1 20 40 60 80 100 120 140 160
constraint number

AED, . Chem. Phys. 145, 164109 (2016).



pure-state N-representability conditions
- 5 electrons in 10 spin orbitals [ v2RDM-CASSCF (5e,50) / cc-pVQZ ] ... 160 constraints

GPC errors (electrons)

Ne°* 7 - enforcing PQG (ensemble state) constraints
F4+

0% - many constraints severely violated

N2+

: T T
H iz H

- clearly the ground-state 2-RDM does not
represent a pure state

B
Be

1 20 40 60 80 100 120 140 160
constraint number

AED, . Chem. Phys. 145, 164109 (2016).



pure-state N-representability conditions

- 5 electrons in 10 spin orbitals [ v2RDM-CASSCF (5e,50) / cc-pVQZ ] ... 160 constraints

GPC errors (electrons)

7 - enforcing PQG (ensemble state) constraints

- many constraints severely violated

T T
H iz H

- clearly the ground-state 2-RDM does not
represent a pure state

1 20 40 60 80 100 120 140 160
constraint number

Hartree-Fock guess for |-, 2-RDM

AED, . Chem. Phys. 145, 164109 (2016).



pure-state N-representability conditions

- 5 electrons in 10 spin orbitals [ v2RDM-CASSCF (5e,50) / cc-pVQZ ] ... 160 constraints

GPC errors (electrons)

7 - enforcing PQG (ensemble state) constraints

- many constraints severely violated

T T
H iz H

- clearly the ground-state 2-RDM does not
represent a pure state

Hartree-Fock guess for |-, 2-RDM
+«— random guess for |-,2-RDM
- seeding computation with a different guess
yields totally different densities ...
with exactly the same energy

1 20 40 60 80 100 120 140 160
constraint number

AED, . Chem. Phys. 145, 164109 (2016).



pure-state N-representability conditions

- 5 electrons in 10 spin orbitals [ v2RDM-CASSCF (5e,50) / cc-pVQZ ] ... 160 constraints

GPC errors (electrons)

7 - enforcing PQG (ensemble state) constraints

- many constraints severely violated

T T
H iz H

- clearly the ground-state 2-RDM does not
represent a pure state

Hartree-Fock guess for |-, 2-RDM
+«— random guess for |-,2-RDM
- seeding computation with a different guess
yields totally different densities ...
with exactly the same energy

'D(x1|2}) :N/d$2d$3...d£13_]\[Zwkqfk(ﬂfl,ﬂfg,llfg,...,QZN)\IJZ(ZE/1,332,333,...,CEN).
k

AED, . Chem. Phys. 145, 164109 (2016).




pure-state N-representability conditions

- 5 electrons in 10 spin orbitals [ v2RDM-CASSCF (5e,50) / cc-pVQZ ] ... 160 constraints
- 2P to 4P excitations from state-averaged (SA) CASSCF averaging 6 states

excitation energies (eV)

SA-CASSCF
Be- .35
B 2.99
C* 4.69
N2+ 641
O3+ 8.13
F4+ 9.85
Ne>+ 1 1.65

maximum error

AED, . Chem. Phys. 145, 164109 (2016).



pure-state N-representability conditions

- 5 electrons in 10 spin orbitals [ v2RDM-CASSCF (5e,50) / cc-pVQZ ] ... 160 constraints
- 2P to 4P excitations from state-averaged (SA) CASSCF averaging 6 states

Hartree-Fock guess
excitation energies (eV)

ERPA
SA-CASSCF ensemble
Be- |.35 .41
B 2.99 3.11
C* 4.69 4.89
N2+ 6.41 6.74
O3+ 8.13 8.56
F4+ 9.85 10.45
Ne>* | 1.65 12.39
maximum error 0.82

AED, . Chem. Phys. 145, 164109 (2016).



pure-state N-representability conditions

- 5 electrons in 10 spin orbitals [ v2RDM-CASSCF (5e,50) / cc-pVQZ ] ... 160 constraints
- 2P to 4P excitations from state-averaged (SA) CASSCF averaging 6 states

Hartree-Fock guess
random guess €Xcitation energies (eV)

ERPA
SA-CASSCF ensemble
Be- |.35 .41 |.62
B 2.99 3.11 34|
C* 4.69 4.89 5.23
N2+ 641 6.74 7.05
O3+ 8.13 8.56 8.87
F4+ 9.85 10.45 10.71
Ne>* | 1.65 12.39 12.54
maximum error 0.82 0.98

AED, . Chem. Phys. 145, 164109 (2016).



pure-state N-representability conditions

- 5 electrons in 10 spin orbitals [ v2RDM-CASSCF (5e,50) / cc-pVQZ ] ... 160 constraints
- 2P to 4P excitations from state-averaged (SA) CASSCF averaging 6 states

Hartree-Fock guess
random guess €Xcitation energies (eV)

ERPA
SA-CASSCF ensemble
Be- .35 | .41 |.62 all hope is lost!
B 2.99 3.11 341
C* 4.69 4.89 5.23
N2+ 6.41 6.74 7.05
O3+ 8.13 8.56 8.87
F4+ 9.85 10.45 10.71
Ne>* | 1.65 12.39 | 2.54
maximum error 0.82 0.98

AED, . Chem. Phys. 145, 164109 (2016).



pure-state N-representability conditions

- 5 electrons in 10 spin orbitals [ v2RDM-CASSCF (5e,50) / cc-pVQZ ]

- Altunbulak & Klyachko tabulated these constraints M.Altunbulak and A. Klyachko, Commun. Math. Phys. 282, 287 (2008).

| 60 constraints

[-3,2,2,2,2,2,2,-3,-3,-3]<=5, [5,3,5,1,-5,-3,-1,1,-5,-11<=9, [7,7,-3,7,-3,-3,7,-3,-13,-3]<=15, [13,18,8,3,-17,-12,-7,-7,-2,3]<=25,
[1,5,-1,1,3,5,-1,-5,-3,-5]<=9, [7,7,-3,7,-3,7,-3,-13,-3,-3]<=15, [13,18,3,8,-17,-7,-12,-7,-2,3]<=25,
[3,3,3,-2,-2,-2,-2,-2,-2,3]<=5, [1,1,3,5,-1,5,-1,-5,-3,-5]<=9, [7,7,7,7,-13,-3,-3,-3,-3,-3]<=15, [7,12,-3,2,7,17,-18,-13,-8,-3]<=25,
[5,3,5,1,-5,1,-5,-3,-1,-1]<=9, [7,7,7,-3,-3,-3,-3,7,-13,-3]<=15, [-3,7,12,17,-8,-3,2,7,-18,-13]<=25,
[3,3,5,-3,-1,-3,-1,1,-5,1]<=7, [1,1,3,5,-1,5,-3,-1,-5,-5]<=9, [-3,2,7,12,7,17,-8,-3,-18,-13]<=25,
[3,3,5,1,-5,-3,-1,-3,-1,1]<=7, [5,5,1,3,-5,1,-5,-3,-1,-1]<=9, [3,13,3,3,-7,3,-7,-7,3,-7]<=15, [-3,17,-3,2,7,7,12,-8,-18,-13]<=25,

[-1,1,3,5,-1,1,3,-5,-3,-3]<=7,

[-3,1,3,5,7,9,-1,-9,-7,-5]<=13,

[13,3,3,3,-7,3,-7,-7,-7,3]<=15,

[3,13,-7,3,3,3,3,-7,-7,-7]<=15,
[3,3,3,13,-7,3,3,-7,-7,-7]<=15,

[-3,2,7,7,12,17,-3,-8,-18,-13]<=25,

3,3,5,3,-1,1,-5,-3,-1,11<=7,  [5,7.9,1,-9,-7,-5,-3,-1,3]<=13, [3,13,3,3,-7,-7,3,3,-7,-7]<=15,
1,5,-1,1,3,1,3,5,-3,-3]<=7,  [57.9,-7,-5,-3,-1,1,-9,3]<=13, [3,13,3,-7,3,3,-7,3,-7,-7]<=15, [17,17,7,-3,-13,-13,-13,-3,-3,7]<=25,
-1,5,-1,1,1,3,3,-3,-5,-3]<=7, [3,3.3,3,3,13,-7,-7,-7,-7]<=15, [17.17.7,-13,-13,-3.-3,-3,- 13, 7]<=25,
1,1,3,1,3,5,-1,-5,-3 [3.9,-1,1,3,5,7,-9,-7,-5]<=13, [3,3,13,3,-7,3,-7,3,-7,-7]<=15,

[-7,13,3,3,3,13,13,-7,-17,-17]<=25,

491906161215 [-7,3,3,13,13,13,3,-7,-17,-17]<=25,
y /= 1 75=0,= 1, T, = =9y <= ’
[-1,4,9,-1,4,9,-6,-1,-11,-6]<=15,

[-2,8,3,8,3,13,-2,-12,-12,-7]<=20, [-3,27,-8,2,7,12,17,-23,-18,-13]<=35,

[1,3,0,5,1,5-1,-55,:31<29,  [9.94,6,-6-1,-1,4-11-11<=15,  [-213,28383-12-12-7]<=20,  [327.12,17.27.8.23..18..13]<=35,

[15-15,13,1-5-5.-3]<=9,  [-1,4.9.9,-6-1 -1 46,1 1]<=15,  [-2.83,13,-2.8.3.-12.-12,-7]<=20,

3.5-15-31,15:5-1]<29,  [9,-144-1911,-6,-6-11<=15,  [-213,2,3,83,8:7,-12-12]<=20,  [13,1823,-17,12,-7,-2,8.27,3]<=35,

351,551, 1-5-3-11<=9,  [-1.4.9.9-6-14-1-11,-6]<=15, [2.3883,13,7,-2-12-12]<=20,  [13.1823.8-27-1712.7 -2 3]<=35, .

(105101515, 5,31<29, 1949611 A-11€1<=15,  [28338.13.2-127-12]<=20,  * : all hope is NOT lost!
[3.55.1,-5-1,:3,1-5,-1<=9,  [9.4,-1-1.49,11,-6,6-11<=15,  [-283,13,23,8-12-7-12]<=20,  [.7.3,13,13.23.33,.7,-27,-27,- 1 7]<=45, —
B.55.151,5-1:3-1]<29,  [9.944,-11,-6-6-1,-1-1]<=15,  [-23838,13,2-7,-12-12]<=20,  [.733.7,3.13,13,23.27..27 .1 7]<=45,

B35 15-5-1,1-3-5-17<=9,  [-1.4,4.9,-1,9,-6,~1 -1 | -6]<=15,  [-2.3.8.13,2,3,8-7.-12.-12]<=20,

[1,35,-1,15,5,-13,-5]<=9,  [49,-14-19,-11,-6,-6-11<=15,  [-238,13,283-12-7-12]<=20,  [17.27.27,7,-33,23-13,-13,-3,7]<=45,

[153,-115:5,-1.-5:31<29,  [49,-1-1,49,6,11-6,-11<=15,  [213,,28338-12:7-12]<=20,  [172727-23.13.13.3.7.33.7]<=45

[135.0,-1.5.-5-1-5.-3]<=9,  [-1.9,-1,449-1 -1 [.-6,-6]<=15,  [-2.13-2.3.8.83.-12.-7.-12]<=20, I

B5-1,1,1.5-3-5-5-17<=9,  [-1 449,191 -1 1.-6,-6]<=15,  [-2.88,13,-7.-2,3,3-12.-12]<=20,

B0, 15-5-5-3-17<=9,  [-1.9-1.9,-| 441 1-6,-6]<=15,  [-2.3.883,13,-2,12,-7-12]<=20,

[3.5.5.1,-3,1,-5, 1 .-5.-1]<=9, [8.8,-2.33,13-12,-12,-7,-2]<=20,

[15.5-1-1.3-5.1-5-3]<=9,  [1,11,-4,1,1,6,6,-4-9,-9]<=I5,

[5.3.15,5-11,5-3-1]<=9,  [16,11,-4,1.6,-9,1-9-4]<=15,  [127,12,-8-3,-3,-82,-13,2]<=20, . . . )

[1553:5- 153029, [61L169419-411<=15,  [127.123.88:32-32<=0. - can recast generalized Pauli constraints as linear
[1355-51-1,.1-5-3]<=9,  [11,6:4,1,1.6,-9-9-41]<=15,  [12.12,7.-8-3,-8.-3.2.-13.2]<=20,

BS1-11SS 3510, 1661191441 S]<=15,  [121227,13-3.8.8:3.21<-20, . . . Lo . . .
e sy Ieiasseas  equality constraints within v2RDM SDP optimization
[53.5.3,-1,1.-5,1-5-1]<=9,  [6.11-4,1.1.6,-9-4-9,1]<=15.  [12.7,12.-8-3,2,-13,-3.-8,2]<=20,

[15-1,5-113,.5-3-5]<=9,  [1,6,6,11,9,-4,1.1,:4,9]<=15,  [12.12,7.2,-13,-8,-3-8,-3.2]<=20,

[5.3-1.1,1,5,5-3-5-1]<=9,  [6,11,1,6-9,1,-9-4,-4,1]<=15,  [12.12.7.-8-3,2,-13-8.-3.2]<=20,

[15.3,5,-5-1,-1,1.-3-5]<=9,  [1,6,6,1 19,1419, -4]<=15,  [12.7,12.-3.-8.2,-13-8.-3.2]<=20, . .. . . . .
[1,3,55,5-1,1,-1,-3,-5]<=9,  [1,6,11,6,-9,-4,1,1,-9,-4]<=15,  [12,12,-3,-3,2,7,-13,-8,-82]<=20, = reSUItlng Opt|m|Zat|On I‘eqUII"eS *fal’* more Iterations
[5.3.1-1,1.55-5-3-11<=9,  [6,6,11.-4,-4,1-9,1,-9,1]<=15,  [12.7,12,2,-13,-3,-8,-8,-3.2]<=20, BUT he |-RDM is th
513.5-51315-1<9,  [LLI6611-4-4-951<<15,  [1.1212:3-82-133-82]<=20, - -
[15.1.3-1.5-5-3-1-5]<=9,  [66,11,1,:9,1,-9,-4,-4,1]<=15,  [7.12.12.2,-13,-3,-8,-3.-82]<=20, to converge the Is then pure-state
5135511531159, [661119-4-4190715, [112123,83:82:1320<20. N

[1,3,5,1,-1,5,-5,-3,-1,-5]<=9, [2,7,12,12,-13,-3,-3,2,-8,-8]<=20, -represe ntable

[15.3.5.-5.1,-3-1 -1 -5]<=9,  [-3.7,7,7,-3,7,-3,-3,-3,-13]<=15,

[5.01.1.3-1.5-5-3-5-1]<=9,  [7,-3.7.7.-3.7-3-3-13,3]<=15, [3,8,13,18,-17,-7,-2,3,-12,-7]<=25,

50311 5-5-5.-3-1]<=9,  [7.7,-3-3,7.7-3-3-13-3]<=15, [13,18,7,-2,3,8-17-12,-7,3]<=25,

[1355-51-1-3-1-5]<=9,  [1.7.7,-3,3.7-13-3,-3-3]<=15, [13.18,8,12,-7,-7,-2,3-17.3]<=25.



pure-state N-representability conditions

- 5 electrons in 10 spin orbitals [ v2RDM-CASSCF (5e,50) / cc-pVQZ ] ... 160 constraints
- 2P to 4P excitations from state-averaged (SA) CASSCF averaging 6 states

Hartree-Fock guess
random guess €Xcitation energies (eV)

ERPA

SA-CASSCF ensemble pure
Be- .35 | .41 |.62 .38
B 2.99 3.11 3.41 3.04
Ct 4.69 4.89 5.23 4.74
N2+ 6.41 6.74 7.05 6.45
O3+ 8.13 8.56 8.87 8.18
F4+ 9.85 10.45 10.71 9.90
Ne>* | .65 12.39 12.54 | 1.62
maximum error 0.82 0.98 0.06

AED, . Chem. Phys. 145, 164109 (2016).



pure-state N-representability conditions

- 6 electrons in 10 spin orbitals [ v2RDM-CASSCF (6e,50) / cc-pVQZ ] ... 124 constraints
- 3P to S excitations from state-averaged (SA) CASSCF averaging 4 states

Hartree-Fock guess
excitation energies (eV)

ERPA
SA-CASSCF ensemble
Be?- 0.49 0.53
B- .63 |.73
C 2.96 3.15
N+ 4.46 4.77
O2+ 6.05 6.51
F3+ 7.67 8.33
Ne+* 9.30 10.24
maximum error 0.93

AED, . Chem. Phys. 145, 164109 (2016).



pure-state N-representability conditions

- 6 electrons in 10 spin orbitals [ v2RDM-CASSCF (6e,50) / cc-pVQZ ] ... 124 constraints
- 3P to S excitations from state-averaged (SA) CASSCF averaging 4 states

Hartree-Fock guess
random guess €Xcitation energies (eV)

ERPA
SA-CASSCF ensemble
Be?- 0.49 0.53 0.81
B- .63 .73 2.22
C 2.96 3.15 3.80
N+ 4.46 4.77 5.49
O2+ 6.05 6.51 7.24
F3+ 7.67 8.33 9.04
Ne4* 9.30 10.24 10.86
maximum error 0.93 |.56

AED, . Chem. Phys. 145, 164109 (2016).



pure-state N-representability conditions

- 6 electrons in 10 spin orbitals [ v2RDM-CASSCF (6e,50) / cc-pVQZ ] ... 124 constraints
- 3P to S excitations from state-averaged (SA) CASSCF averaging 4 states

Hartree-Fock guess
random guess €Xcitation energies (eV)

ERPA

SA-CASSCF ensemble pure

Be?- 0.49 0.53 0.8l
0.49
B- .63 .73 2.22 63
C 2.96 3.15 3.80 2.96
N+ 4.46 4.77 5.49 4' 46
Oz* 6.05 6.51 7.24 6.05
F3+ 7.67 8.33 9.04 7.67
Ne#t 9.30 10.24 10.86 9'30
maximum error 0.93 .56 0.00

AED, . Chem. Phys. 145, 164109 (2016).



pure-state N-representability conditions

- 6 electrons in 10 spin orbitals [ v2RDM-CASSCF (6e,50) / cc-pVQZ ] ... 124 constraints
- 3P to S excitations from state-averaged (SA) CASSCF averaging 4 states

Hartree-Fock guess
random guess €Xcitation energies (eV)

ERPA

SA-CASSCF ensemble pure

Be?- 0.49
0.49
B- .63 3
C 2.96 L4 L4 5o
N* 4.46 AL . 2 ne
Oz* 6.05 AL AL c o
F3+ 7.67 7.67
Ne#* 9.30 9.30
maximum error 0.93 .56 0.00

AED, . Chem. Phys. 145, 164109 (2016).



Summary

- sophisticated electronic structure methods are necessary to capture strong correlation
effects, but conventional approaches become impractical for large systems

- v2RDM-driven CASSCF can treat systems with active spaces as large as (50e,500), and
analytic energy gradients are readily available.

- however, treating excited states can be challenging

Current/future directions

- standard ERPA often is inadequate; inclusion of
higher excitations into excited-state wave
functions is necessary

- including spin-orbit coupling in two-component
v2RDM-CASSCEF for relativistic effects

- strategies for dynamical correlation effects (e.g. ERPA, some DFT-inspired approaches)
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